Abstract: Based on the extended Huygens-Fresnel principle and second-order moments of the Wigner distribution function, we have derived the analytical expressions of the propagation factor of four kinds of partially coherent model beams in oceanic turbulence, including Gaussian Schell-model (GSM), Bessel-Gaussian Schell-model, Laguerre-Gaussian Schell-model, and cosine-Gaussian Schell-model (CGSM). It is found that the modulation of the spectral degree of coherence takes advantage over the GSM beams for reducing the turbulence-induced degradation. The beams with larger index (n, β, m), initial beamwidth, and the wavelength or the smaller coherent length will be less affected by the oceanic turbulence. In addition, the influences of the oceanic parameters on the beam quality are discussed in detail, and the degradation of beams can be enhanced with the decrease of the rate of dissipation of turbulence kinetic energy per unit mass of fluid and the increase of the rate of dissipation of mean-square temperature, also the salinity fluctuation has greater contribution to the decrease of the beam quality than that of the temperature fluctuation. Moreover, the comparison of the normalized propagation factor of the four kinds of beams demonstrates that the CGSM is more robust against the oceanic turbulence than other partially coherent model beams. Our results can be helpful in the design of an optical communication system in an oceanic environment.
Introduction
The optical propagation through the turbulent atmosphere is a very important subject in the optical applications because of the random attributes, such as imaging and communication systems, and considerable theoretical and practical results have been achieved, including the beam profile [1] - [3] , the beam wander [4] , [5] , the beam spreading [6] , [7] and the scintillation index [8] - [10] . The evolution properties of Schell-model beams in turbulence has been investigated [11] - [14] , including the cross-spectral density and the spectral degree of coherence, as well as the propagation factors that gives an intuitive explanation about the turbulent effects on the beam quality. The M 2 -facor is a very useful parameter to determine the beam quality of beams, as it retains invariant in free space [15] . And we can find that the modulation of spectral coherence of degree can reduce the turbulence-induced influences.
However, the oceanic turbulence is another important random underwater media, and its properties are determined by the temperature and salinity fluctuation of oceanic water [16] . Recently, much attention has been paid to the optical propagation in oceanic turbulence. The properties of light beams in oceanic turbulence are discussed, including intensity and coherence [17] and the scintillation of plane and spherical waves [18] . In [19] , the wave structure function and the spatial coherence radius is analytically derived, which are valid both in weak and strong fluctuations, and the changes of the wave structure function and the spatial coherence radius versus different parameters of oceanic turbulence are examined. The general effects of underwater turbulence on laser propagation are reported and compared with theory, and the results show the importance of beam size relative to the transverse coherence length [20] . For the array beams, the analytical expression is obtained, and the influence of oceanic turbulence on its beam quality and beam width becomes weak comparing with the single beam [21] - [23] , also the coherence and polarization degrees are analyzed [24] , and results indicate that any change in the amount of turbulence factors that increase the turbulence power reduces the effective width of spatial degree of coherence significantly and causes the reduction in the degree of polarization. Moreover, the evolution behavior of vortex beams through oceanic turbulence is studied in detail by numerical simulation, the investigation of the beam shape, the topological charge conservation and the OAM detection probability can be aimed to the optical communication [25] , [26] . In addition, the oceanic turbulence plays an important role in the evolution of the cosine-Gaussian-correlated Schell-model (CGSM) beams upon propagation, and the evolution behavior of spectral density can be weakened [27] , the properties comparison between Schell-model beams are presented, and GSM gives a smaller spreading than others [28] . However, to the best of our knowledge, the propagation factor of the partially coherent model beams has not been investigated. The effects of the initial beam parameters and the oceanic turbulence on the beam quality will be elucidated, and the source beam that is less affected by the oceanic turbulence can be found.
In this paper, the propagation factor expressions of Schell-model beams are achieved based on the extended Huygens-Fresnel formula and second-order moments of the Wigner distribution function (WDF), then the effects of oceanic turbulence parameters and the modulation function of the spectral degree of coherence on the beam quality are discussed. Also, from the comparison of normalized propagation factor of the partially coherent model beams, the source that is least affected by the oceanic turbulence during propagation is found. Our results can be helpful in the choose of suitable source beam of an optical communication system in an oceanic environment.
Second-Order Moments of Partially Coherent Model Beams in Oceanic Turbulence
The cross-spectral density (CSD) of partially coherent model beams in the source plane can be expressed as follows [29] W (r 1 , r 2 
where r 1 = (r 1x , r 1y ) and r 2 = (r 2x , r 2y ) are two position vectors at z = 0. σ is the transverse beam width at the source plane, δ is the transverse coherent length, μ (0) is the spectral degree of coherence of the source, its expression is shown in Table 1 , and the subscripts "G", "B", "L" and "C" represent the source GSM, BGSM, LGSM and CGSM, respectively. β and m are real constant, J 0 (·) is the zeroth-order Bessel function of the first kind, L n (·) is the n-order Laguerre polynomial, and n is the order of Laguerre polynomial.
Here, we investigate the beam quality of partially coherent model beams in oceanic turbulence, firstly, the analytical expression of cross-spectral density is needed to be obtained. Within the paraxial approximation, the cross-spectral density at z plane propagating in oceanic turbulence can [27] , [28] (GSM, BGSM, LGSM and CGSM)
be obtained with the help of the extended Huygens-Fresnel integral [30] 
where k = 2π/λ is the wave number with λ being the wavelength of the source beam. ρ 1 = (ρ 1x , ρ 1y ) and ρ 2 = (ρ 2x , ρ 2y ) are two arbitrary transverse position vectors at the receiver plane,
, which dues to the oceanic turbulence, denotes the ensemble average and can be represented as following form [31] :
According to [25] , the strength of oceanic turbulence can be expressed as:
η is the Kolmogorov micro scale, ε is the rate of dissipation of turbulence kinetic energy per unit mass of fluid which ranges from 10 −4 m 2 /s 3 to 10 −10 m 2 /s 3 . χ T is the rate of dissipation of meansquare temperature and has the range from 10 −4 K 2 /s to 10 −10 K 2 /s, ω represents the relative strength of temperature and salinity fluctuation with −5 or 0 dominating temperature-induced or salinity-induced turbulence, respectively. The formula indicates that a small ε and η or a large χ T and ω corresponds to the strong oceanic turbulence.
In order to obtain the second-order moments of partially coherent model beams, four variables are introduced: 
For the partially coherent model beams, the initial cross-spectral density (CSD) can be expressed as the uniform style:
where M (ρ d , κ d ) indicates the modulation to the spectral degree of coherence, for GSM,
is equal to 1, while for other three kinds of partially coherent model beams,
for CGSM, respectively. By using the coordinate transform and substituting (5)- (7) into (2), the cross-spectral density (CSD) at arbitrary z plane can be expressed as:
The WDF can be expressed by the following formula [32] ,
After calculations, the WDF for all kinds of GSM is obtained:
where
. By the virtue of WDF, the moments of order n 1 + n 2 + m 1 + m 2 of the WDF for the beam is defined as [33] ,
In fact,
2 θ is the total irradiance of the beams. The propagation factor of a partially coherent model beam can be defined in terms of the second-order moments of WDF as follows [33] 
Substituting (10) and (11) into (13)- (15), we can get the following expressions for the secondorder moments of WDF of the partially coherent model beams (GSM, BGSM, LGSM, CGSM) in oceanic turbulence after tedious calculations by applying the formulas mentioned in [34] ,
Applying above results in (16)- (19) to (12), we can obtain the analytical expressions of the propagation factor of the partially coherent model beams in oceanic turbulence 
These formulas indicate the increase of the propagation factor under the longer propagation distance, which implies the decline of beam quality on the propagation in oceanic turbulence. When T (η, ε, χ T , ω) = 0 in (20) or T (η, ε, χ T , ω) = 0 and the index is equal to zero in (21)-(23), the propagation factor reduces to that of a GSM beam in free space, and M 2 (z) = 1 + 4σ 2 /δ 2 , which can be get in [11] . And we also can find that the propagation factor becomes the style in (20) when β = 0 (or n = 0 or m = 0).
Discussions
In the numerical analysis, the parameter η = 10 −3 m is fixed in this paper. Based on (20)- (23), we present the normalized propagation factor of partially coherent model beams (M 2 (z)/M 2 (0)) in oceanic turbulence by numerical simulation. Fig.1(a) -(c) depicts the normalized M 2 -factor versus propagation distance under different index of the source, one can find that the normalized M 2 -factor gradually increases with the propagation distance, which means the decline of the beam quality on propagation. The smaller normalized M 2 -factor corresponds to the larger index, that's to say, the beam quality can be improved by the modulation of the spectral degree of coherence comparing with the GSM source, including the Bessel modulation, Laguerre modulation and the cosine modulation. In addition, with the same index, the normalized M 2 -factor in Fig. 1(b) is always larger than that in Fig. 1(a) and (c) , therefore, the influence of oceanic turbulence on the LGSM is more severe comparing with BGSM and CGSM, and the degradation of LGSM's beam quality is faster; When the index β or m is equal to one, the normalized M 2 -factor of BGSM is a little larger than that of CGSM, while the normalized M 2 -factor almost retains the same for both BGSM and CGSM as its index increases to 4. The more details can be indicated from Fig. 2 , where the relation between the normalized propagation factor and the beam index β (n or m) is shown. We can find that the normalized propagation factor gradually decreases with the beam index, and the normalized propagation factor of the BGSM and CGSM obtain the smaller value and more sharply decreasing trend comparing with the LGSM. Moreover, for BGSM and CGSM, the normalized propagation factor sharply decreases at the first stage of increasing beam index, and then retains almost invariant. Obviously, the CGSM obtains the minimum propagation factor from the zoomed plot, which means the degradation of beam quality is slower comparing with the other two sources.
In Fig. 3 , we investigate the effects of the initial beam parameters on the normalized propagation factor of partially coherent model beams in oceanic turbulence under the same index. As Fig. 3(a) shows, the increase of the wavelength leads to the decrease of the normalized propagation factor, and the degradation of beam quality gets improved. For BGSM and CGSM, the decrease trend becomes not obvious, which means that the normalized propagation factor for BGSM and CGSM is not sensitive to the wavelength, while this phenomenon gets reversed for LGSM, and the beam quality can be largely increased for larger wavelength in Fig. 3(a) . Fig. 3(b) presents the effects of the initial beam width on the normalized propagation factor, and the common feature is found that the normalized propagation factor largely decreases at first, and then almost retains invariant for further increasing the initial beam width. Therefore, at the process of increasing the initial beam width, the beam quality largely improved at first, and then the improvement is very slow and even negligible. From Fig. 3(a) and (b) , the beam quality degradation of CGSM is slowest, and is fastest for LGSM. The effects of the initial coherent length on the normalized propagation factor are shown in Fig. 3(c) , and the normalized propagation factor gradually increases to be saturable as the initial coherent length increases, as a result, the beam quality undergoes the evolution from degradation to invariability. By comparing the three kinds of sources in Fig. 3(c) , the increase trend of the normalized propagation factor is sharper for LGSM and slower for CGSM at the first stage of increasing the initial coherent length, while the value of normalized propagation factor of LGSM is smaller than that of BGSM for a large enough initial coherent length, and the CGSM always obtains the minimum normalized propagation factor.
Next, we will give a clarification of the effects of the oceanic turbulence parameters on the normalized M 2 -factor of beams. Firstly, Fig. 4 gives the intuitive view on the strength of oceanic turbulence which is represented by T (η, ε, χ T , ω), and the increase of the relative strength of temperature and salinity fluctuation ω leads to the stronger turbulent strength, while the turbulence enhancement can get reduced if the rate of dissipation of turbulence kinetic energy per unit mass of fluid ε increases or the rate of dissipation of mean-square temperature χ T decreases, the results from Fig. 4 is identical to the analysis of the theoretical model. Fig. 5 shows the normalized M 2 -factor of the BGSM, LGSM and CGSM beams under different index β, n and m for increasing ω from −4.5 to −0.5. From Fig. 5(a) -(c), the normalized M 2 -factor decreases as the increasing index β, n and m; we also find that the normalized M 2 -factor increases as ω increases, therefore, the salinity fluctuation has the greater contribution to the degradation of beam quality than that of the temperature fluctuation. In addition, the normalized M 2 -factor is not sensitive to the change of ω under a large index except for LGSM beams, for instance, when β = m = 8, the change of the normalized M 2 -factor is very subtle. Comparing with BGSM and LGSM, the normalized M 2 -factor of CGSM is the smallest under the same value of the index, while the normalized M 2 -factor of LGSM is the largest, as an example of ω = −0.5 and β = n = m = 4, the value of M 2 (z)/M 2 (0) is 1.004 for BGSM, and 1.002 for CGSM, and this result can also be concluded from Figs. 6 and 7. Fig. 6 presents the normalized M 2 -factor of BGSM, LGSM and CGSM beam under different index for increasing ε from 10 −9 m 2 /s 3 to 10 −5 m 2 /s 3 . The normalized M 2 -factor decreases with an increase of ε; for ε close to its minimum value of 10 −10 m 2 /s 3 , the influence of the index β, n and m can be ignored. For the impacts of the rate of dissipation of mean-square temperature, the details are shown in Fig. 7 . One can find that the normalized M 2 -factor gradually increase as χ T increases, and the increase trend is reduced by the larger index β, n and m; Similar to Fig. 6 , for χ T close to the minimum value, the normalized M 2 -factor almost retains the same value whatever the index is, as a result, the influence of the index can be ignored. And an obvious result is concluded from
Figs. 6 and 7 that the CGSM always gets the minimum normalized propagation factor. The influences of the oceanic turbulence on the propagation factor are easy to be explained, the increase of ω and χ T or the decrease of ε contributes to the stronger turbulence strength, then the turbulenceinduced phase is larger, as a result, the wavefront distortion gets enhanced, and the degradation of beam quality becomes severe, the analysis in Fig. 4 agrees well with the results in Figs. 5-7. In addition, the GSM vortex beams manifest the advantage in weakening the degradation of beam quality in the atmosphere turbulence comparing with the GSM non-vortex beams [35] . Similarly, when the vortex is imposed on the partially coherent model beams, the beam quality can also be improved in the oceanic turbulence.
Conclusion
The analytical expression of propagation factors of partially coherent model beams in oceanic turbulence is derived, including GSM, BGSM, LGSM and CGSM. Numerical results have been shown that the modulation of spectral degree of coherence obtains the advantage over the conventional GSM against oceanic turbulence, and this advantage is more obvious under the large index, and the smaller coherent length or larger beam width and wavelength leads to the less influence on beam quality degradation. In addition, the influences of the oceanic parameters on the beam quality are detailly discussed, and the decline of beam quality can be enhanced with the decrease of the rate of dissipation of turbulence kinetic energy per unit mass of fluid and the increase of the rate of dissipation of mean-square temperature, also the salinity-induced influence is stronger than temperature-induced turbulence on the beam quality degradation. Moreover, we have made a comparison of the normalized propagation factor of the four kinds of beams, and it is demonstrated that the CGSM is more robust against the oceanic turbulence than other partially coherent model beams. Our results can be helpful in the design of an FSO wireless communication system and choosing the appropriate source beam of an optical communication system in an oceanic environment.
